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Abstract—We analyze the dynamics of an electrostatic comb
drive model with one translational and one rotational degree of
freedom, and show that an oscillatory voltage profile can signifi-
cantly delay the onset of the rotational side pull-in instability. The
result is facilitated by a simplified capacitance model that restricts
the rotation to be small, but allows the translation to be large.
The model further assumes that mechanical restoring forces are
provided by linear springs, with the rotational spring much
stiffer than the translational spring. Under these assumptions,
translation and rotation are coupled only by the common input.
Choosing the drive voltage to be a periodic puts the rotational
dynamics in the form of Hill’s equation. The input is restricted
to be a piecewise constant bilevel signal, and Floquet theory
is applied to compute a map of stabilizing input parameters.
The results are validated against hybrid finite-element/lumped
parameter simulations, with excellent agreement.

Index Terms—Electrostatic MEMS, Side Pull-In, Bifurcation
Control, Open-Loop Oscillatory Stabilization, Hill’s Equation

I. INTRODUCTION

Electrostatic capacitive coupling is one of the oldest and
most widely used MEMS actuation principles [19], [11], [26].
While electrostatic MEMS actuators may be charge controlled,
here we consider only voltage control. In a parallel plate ca-
pacitor with overlapping plates, the electrostatic force has one
component that acts to reduce the gap between the electrodes,
and another that acts to increase the electrode overlap. “Gap-
closing actuators” use the first component, while “constant
gap” actuators use the second. Gap-closing devices have a
highly nonlinear relationship between voltage and displace-
ment, due to the inverse-square dependence of the electrostatic
force on the inter-electrode distance. Sufficiently large control
voltages cause the gap-closing pull-in instability [19], [24],
a saddle-node bifurcation that, for a linear restoring spring,
limits the stroke of the movable electrode to one-third of the
zero-voltage gap. In contrast, for a constant-gap configuration
the minimum spacing between the electrodes remains constant
over the operating range. For such a device the electrostatic
force is approximately constant with displacement and, for a
linear restoring spring, displacement is linear with respect to
the square of the control voltage. Constant-gap actuators do
not suffer from bifurcation or instability along the actuation
direction.

Figure 1 is a schematic of a longitudinal comb drive—one
of the most common types of electrostatic MEMS actuators.
The name “comb drive” arises from the interlaced “teeth” or
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“fingers” of the movable and fixed electrodes. When a control
voltage V is applied, capacitive coupling causes equal and
opposite charges to arise on the electrodes. Attractive forces
between these charges pull the electrodes together. Translation
is opposed by a mechanical spring, so that the displacement
of the device can be controlled through the magnitude of V .
In the model considered here, the movable comb also has an
undesired rotational degree of freedom. Other unwanted mo-
tion can arise from transverse rigid translation of the movable
electrode, or from bending of individual fingers. Typically,
device designers prevent unwanted motions by making the
translational compliance much greater than the compliance
along other coordinates.

The electrode geometry is nominally symmetric about the
point of rotation, so the net torque on the movable electrode
is zero. Therefore the undeflected position is always an equi-
librium of the rotational dynamics. However large actuation
voltages will make this equilibrium become unstable, causing
the movable electrode to rotate to one side or the other until
it reaches a physical limit. This phenomenon is side pull-
in. Numerous studies have focused on the analysis of side
pull-in, and on structural modifications to maximize the stable
operating range [16], [33], [12], [10], [8], [9]. In this paper
we consider how the operating range may be further extended
by open-loop control techniques.

Gap-closing pull-in has received significant attention from
the control community, but to our knowledge the only reports
of feedback control of side pull-in are by Borovic and co-
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Fig. 1. Translational-rotational comb drive model. Axial translation X is the
desired actuation direction, rotation θ is undesirable. The control objective of
this study is to achieve the largest possible stroke X without destabilizing the
θ dynamics.
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workers [5]. One reason for this comparative lack of results is
undoubtedly that the device symmetry makes the transversal
rotational or translational dynamics uncontrollable from the
drive voltage. Borovic et al. require substantial structural
modification to add transverse sensors and actuators. We stress
that a standard comb drive actuator will have no direct sensing
or actuation in the transverse direction, thus the methods used
in these previous studies will not apply.

The method we apply in this paper is open-loop oscillatory
forcing, or “vibrational control.” The use of open-loop periodic
forcing for stabilization was first proposed in the context of
control systems by Meerkov [18]. This topic has been most
famously studied for the vertically driven inverted pendulum
[25], [15], [4]. Bentsman, Bellman, and subsequent control
researchers have further advanced these methods [1], [2], [3],
[6], [27], [28], [29].

Nonaka, Baillieul, and co-workers report the successful ap-
plication of open-loop oscillatory stabilization to microsystems
[20], [22]. The approach taken in the latter papers requires
bidirectional forcing, and the results are for electromagnetic
actuation, which can produce both attractive and repulsive
forces. Open-loop oscillatory control is used to stabilize a
voltage-controlled gap-closing electrostatic actuator in [21],
but this actuator was extensively modified to enable bidirec-
tional electrostatic forcing. The voltage applied to the fixed
fingers of a standard comb drive cannot be independently
controlled, and therefore these techniques cannot be applied.

We have previously applied oscillatory open-loop stabi-
lization to translational and deformational side pull-in [30],
[31], [32]. The problem of rotational side pull-in considered
in the present paper is more challenging. The forces and
moments that arise due to non-parallel electrodes are more
complicated than the parallel plate models previously used.
Fringing fields are also of greater concern in the rotational
case, since the movable electrode tips may approach the drive
electrode more closely than the rest of the movable electrode
structure. We use a simple small-angle capacitance model to
design the control signals. The use of this model is motivated
by the fact that successful control will maintain the rotation
near zero. To validate our results we use a hybrid finite-
element/lumped parameter approach that incorporates realistic
electrostatic forces and fringing.

This paper is organized as follows: Section II presents a
model for the comb drive capacitance as a function of in-
plane rotation and axial translation. Section III presents a
model for the rotational and axial translational dynamics under
electrostatic forcing. Mechanical restoring forces are provided
by linear springs. Section IV considers the effect of a rect-
angular pulse train voltage applied to the rigid electrode with
rotational and translational degrees of freedom. The stability
criterion used in this section is parametrized by three variables
incorporating the electrode characteristics, and the frequency,
mean amplitude, and duty cycle of the voltage pulse train.
Section V describes a reduced-order hybrid FEA approach to
simulating an electrostatically forced flexible microbeam. The
numerical results validate the stability regions predicted by

theoretical analysis. Section VI summarizes the conclusions
of the paper.

II. COMB DRIVE CAPACITANCE MODEL

Figure 1 shows the two-degree-of-freedom (2-DOF) comb
drive model. The movable comb has mass M and moment of
inertia I about the translating pivot point O. The mechanical
restoring force and moment are provided by decoupled trans-
lational and torsional springs, assumed to be linear with spring
coefficients KX , and Kθ, respectively. The translation, X , is
taken to be zero at the unforced equilibrium of the translational
spring. The rotation, θ, is assumed to be zero at the unforced
equilibrium of the torsional spring. The fixed and movable
combs are assumed to be coplanar at all times, and the two
comb structures are assumed to be perfectly aligned. That is, at
the unforced equilibrium of the torsional spring, the movable
electrode is assumed to be parallel to the drive electrode teeth,
with the movable electrode teeth exactly centered between the
fixed electrode teeth, and this alignment is assumed to hold
even as the rotation point translates. Both combs are assumed
to have equal, uniform thickness T .

Under these assumptions the capacitance of a single elec-
trode finger is computed based on the geometry shown in
Figure 2. The nominal inter-electrode gap is D. The zero-
voltage overlap between the fixed and movable electrodes is
X0. The distance from the movable electrode pivot point to
the tip of the movable electrode is L. The total number of
teeth on the movable electrode is N . The permittivity of the
electrode gap region is ε.

We introduce coordinate system (X̂, Ŷ ), with origin at the
moving pivot point, and model the capacitance using a two-
sided differential parallel plate model. Thus the contribution
of the differential element at X̂ is

dC =
εT dX̂

D − Ŷ
+
εT dX̂

D + Ŷ
(1)

Applying the small angle approximation gives Ŷ = X̂ tan θ ≈
X̂θ, and

dC =
εT

D

(
1

1− (θX̂/D)
+

1

1 + (θX̂/D)

)
dX̂

Now apply the expansion (1− x)
−1

= 1+x+x2 + . . . , valid
for small x, to get

dC =
εNT

D

1 +

(
θX̂

D

)
+

(
θX̂

D

)2

+ . . .

+ 1−

(
θX̂

D

)
+

(
θX̂

D

)2

+ . . .

 dX̂
=

2εT

D

1 +

(
θX̂

D

)2

+

(
θX̂

D

)4

+ . . .

 dX̂
The total capacitance is obtained by integrating this expres-
sion over the overlap region between the moving and fixed
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Fig. 2. Electrode geometry for the capacitance calculation. Angle θ is
assumed small.

electrodes, and multiplying by the total number of fingers. It
can be seen from Fig. 1 that, in terms of X̂ , the integration is
from L− (X0 +X) to L. Since θ is small, we truncate terms
higher than quadratic:

C(X, θ) =
2εNT

D

∫ X̂=L

X̂=L−(X0+X)

1 +

(
θX̂

D

)2
 dX̂

=
2εNTX̂

D

1 +
1

3

(
θX̂

D

)2
∣∣∣∣∣∣
X̂=L

X̂=L−(X0+X)

Substituting the specified limits gives the final form of the
total comb drive capacitance as a function of X and θ:

C(X, θ) = 2εNT

(
X̃

D

)
×1 + θ2

( L
D

)2

−
(
L

D

)(
X̃

D

)
+

1

3

(
X̃

D

)2


where X̃ , X + X0. The electrostatic forces and moments
are determined by the partial derivatives of the capacitance,

CX(X, θ) =
2εNT

D

1 + θ2

[(
L

D

)
−

(
X̃

D

)]2
 (2)

Cθ(X, θ) = θ Cθθ(X) (3)

where CX and Cθ denote the partial derivatives of C with
respect to X and θ, respectively, and Cθθ(X) is independent
of θ, and is given by

Cθθ(X) = 4εNT

(
X̃

D

)
×( L

D

)2

−
(
L

D

)(
X̃

D

)
+

1

3

(
X̃

D

)2
 . (4)

III. COMB DRIVE DYNAMIC MODEL

We define Lagrangian

L =
1

2
MẊ2 +

1

2
Iθ̇2 −MXcẊθ̇ sin θ

−
(

1

2
KXX

2 +
1

2
Kθθ

2 − 1

2
C(X, θ)V 2

)
(5)

and obtain Euler-Lagrange equations

MX ′′ −MXc(θ
′′ sin θ + θ′2 cos θ)

+KXX = 1
2CX(X, θ)V 2 (6)

Iθ′′ −MXcX
′′ sin θ +Kθθ = 1

2Cθ(X, θ)V
2 (7)

where Xc is the distance between the point of rotation and the
movable electrode center of mass and derivatives denoted by
(•)′ are with respect to the physical time τ . In matrix form,[

M −MXc sin θ
−MXc sin θ I

](
X ′′

θ′′

)
=(

1
2CX(X, θ)V 2 +MXcθ

′2 cos θ −KXX
1
2CX(X, θ)V 2 −Kθθ

)
(8)

A constant point (X̄, θ̄, V̄ ) is an equilibrium of (6)–(7) if
and only if it satisfies the equilibrium equations:

KXX̄ = 1
2CX(X̄, θ̄)V̄ 2 (9)

Kθ θ̄ = 1
2Cθ(X̄, θ̄)V̄

2 (10)

which imply

KXCθ(X̄, θ̄)X̄ −KθCX(X̄, θ̄)θ̄ = 0. (11)

From the form of Cθ in (3) we see that every point with θ̄ = 0
satisfies (11). If θ̄ 6= 0, (11) becomes

KXCθθ(X̄)X̄ −KθCX(X̄, θ̄) = 0. (12)

Our goal is to operate with θ and θ′ small, but X large. We
construct perturbation equations of (8) around (θ, θ′) = (0, 0).[

M −MXcθ
−MXcθ I

](
X ′′

θ′′

)
=(

1
2CX(X, 0)V 2 −KXX[

1
2Cθθ(X)V 2 −Kθ

]
θ

)
(13)

Note that CX(X, 0) does not depend on X , and is equal to
2εNT/D. Henceforth we write CX0 = CX(X, 0).

Solving for X ′′ and θ′′ we obtain

X ′′ =
1

(MI −M2X2
c θ

2)

[
1
2ICX0V

2

− 1
2MXcKθθ

2Cθ(X, 0)V 2 − IKXX
]
,

θ′′ =
1

I −MX2
c θ

2

[
1
2XcCX0V

2

−KXXcX −Kθ + 1
2Cθθ(X)V 2

]
θ.

The θ2 terms can be neglected, giving

X ′′ + ω2
XX =

1

2M
CX0V

2 (14)

θ′′ +

[
ω2
θ +

KX

I
XcX −

1

2I
(XcCX0 + Cθθ(X))V 2

]
θ = 0

(15)

where we have written ω2
X , KX/M and ω2

θ , Kθ/I .
Note that the translational dynamics (14) are decoupled

from θ. To attain a desired equilibrium X̄ we can apply voltage
V̄ satisfying

V̄ 2 = 2Mω2
XX̄/CX0. (16)
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We add an oscillatory component to the input to stabilize
(15). In order that the oscillation not affect the performance
of the actuator, we will apply it well above the translational
natural frequency ωX . As a result, X(τ) will be approximately
constant at X̄ . Therefore we design our stabilizing signal
assuming that X(τ) = X̄ . We subsequently verify that the
condition is satisfied in simulations of the controlled system.
Effectively this is a requirement that the comb drive be much
more compliant in the translational degree of freedom than in
the rotational degree of freedom. This condition is typically
satisfied by design.

Specifically, we will set V (τ) = V̄ u(τ), where u(τ) is a
periodic function with period TΩ and RMS value of one over
period TΩ. Define

ω̄2
θ , (Kθ +KXXcX̄)/I, (17)

Γ ,
[
XcCX0 + Cθθ(X̄)

]
V̄ 2/(2Iω̄θ

2). (18)

Now (14) and (15) become

X ′′ + ω2
XX = ω2

XX̄u(τ) (19)

θ′′ + ω̄2
θ

[
1− Γu(τ)2

]
θ = 0 (20)

Let Ω = 2π/TΩ be the frequency of the excitation voltage
signal V 2(τ). We normalize these equations with respect to
normalized time, displacement, and voltage variables respec-
tively by t , Ωτ , x , X/D, and u , V/V̄ . Note that our
choice of normalized time means the excitation signal always
has period 2π. We define the parameters µ , Ω/ωθ and
γ , ωθ/ωX and obtain simplified, normalized, and decoupled
equations

ẍ+
1

γ2µ2
x =

1

γ2µ2
x̄u(t)2 (21)

θ̈ +
1

µ2

(
1− Γu(t)2

)
θ = 0 (22)

where ˙(•) represents the derivative with respect to the normal-
ized time t and x̄ , X̄/D.

IV. PERIODIC FORCING

As in [31] we let the input u(t) be given by a unit bias and
a zero-mean periodic term.

u(t)2 = 1− ψ(t), (23)

where ψ(t) is a periodic function with minimum period 2π
and a mean of zero over an integer number of periods. The
above definition of u(t) implicitly requires ψ(t) ≤ 1. The case
of constant input is recovered by noting that the only constant
u(t) of form (23) is ū = 1. In terms of parameter Γ, for ū = 1
side pull-in occurs when Γ = 1. Our goal is to find a non-
constant, admissible ψ(t) that gives a stable solution of (22)
for the largest possible Γ. Substituting (23) into (22) gives

θ̈ +
θ

µ2
(1− Γ + Γψ(t)) = 0, (24)

which we recognize as being in the form of Hill’s equation,

ÿ + φ(t)y = 0, (25)

where φ(t) is periodic with period 2π. A necessary condition
for the stability of (25) is maxt∈[0,2π] φ(t) ≥ 0 [17]. For (24),
that corresponds to maxt∈[0,2π] (−[Γ− 1] + Γψ(t)) ≥ 0, or

max
t∈[0,2π]

ψ(t) ≥ 1− 1

Γ
. (26)

In the following we consider the case that ψ(t) is a
rectangular pulse train with period 2π, duty cycle η, and peak-
to-peak amplitude Ψ. For ψ(t) to have zero mean, it must have
the following form:

ψ(t) =

{
−(1− η)Ψ for 0 ≤ t < 2ηπ

ηΨ for 2ηπ ≤ t < 2π
(27)

with ψ(t+ 2π) = ψ(t). Now (24) becomes

θ̈ +
1

µ2
(−[Γ− 1]− ΓΨ(1− η)) y = 0 (28)

for 0 ≤ t < 2πη, and

θ̈ +
1

µ2
(−[Γ− 1] + ΓΨη) y = 0 (29)

for 2πη ≤ t < 2π.
From the positivity of u(t)2 and inequality (26) it is implied

that
1− 1

Γ
< ηΨ ≤ 1. (30)

The value of ηΨ will approach 1 as Γ increases. Therefore
we choose Ψ = 1/η in order to stabilize the largest possible
value of Γ.

We form a switched system by considering (24) separately
in the two intervals,

θ̈ − Γ1θ = 0 (31)

for 0 ≤ t < 2πη, and

θ̈ + Γ2θ = 0 (32)

for 2πη ≤ t < 2π, where

Γ1 =
1

µ2

(
Γ

η
− 1

)
and

Γ2 =
1

µ2
.

This system may be treated with the following theorem:
Theorem 1 ([31]): The periodically switched system (31)–

(32) is stable if and only if α2 ≤ 1,where α is given by

α =
1

4
√

Γ1Γ2

(
2
√

Γ1Γ2φ2(1 + φ1) cosϑ (33)

+φ2(Γ1 + φ1Γ2 − φ1Γ1 − Γ2) sinϑ) , (34)

and
φ1 = e4πη

√
Γ1 ,

φ2 = e−2πη
√

Γ1 ,

ϑ = 2π
√

Γ2(−1 + η).
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Fig. 3. Stability region predicted by Theorem 1 (the green area is stable, the
white area unstable) compared to numerical results using hybrid FE/lumped
parameter simulations (’O’ and ’X’ mark stable and unstable trajectories,
respectively. Only the points closest to the µ stability boundary are plotted).

V. HYBRID FEA / LUMPED PARAMETER SIMULATIONS

For the rotational degree of freedom fringing field may
play a more dominant role in determining moments and
forces than in translational side pull-in, since the tips of the
movable electrode teeth may come much closer to the drive
electrode than the planar portions do. This suggests the use of
a higher-fidelity simulation approach, such as multi-physics
finite element analysis (FEA), that provides higher accuracy
than the small-angle perturbed parallel plate model. However
full dynamic simulation using FEA packages can be very time-
consuming and, due to effects of dynamic remeshing, may
also not provide the expected accuracy improvement. Thus to
obtain improved estimates of moment and forces we perform
static FE analysis on a grid of independent variable values.
These results are provided to a lumped-parameter ODE model
using interpolation. The electrostatic force F (X, θ, V ) and
moment Mθ(X, θ, V ) are given by

F (X, θ, V ) = 1
2C(X, θ)XV

2 (35)

Mθ(X, θ, V ) = 1
2C(X, θ)θV

2 (36)

Since F (X, θ, V ) and Mθ(X, θ, V ) are linear in V 2, and
do not depend on any of the velocities, these quantities can
be precomputed on a reasonably dense (X, θ) grid, and 2D
interpolation applied without impractical computation times.

The simulations consider a comb structure as in Figure 1
with the following parameters: D = 2.5µm, X0 = 5µm,
L = 107µm, Xc = 90µm, N = 5 and T = 75µm. The
COMSOL MultiphysicsTM FEA package was used to map the
electrostatic force and torque versus the (X, θ) configuration.
Lumped parameter simulations of (14) and (15) were per-
formed using the MatlabTM function ode45. The dynamic
simulations used values based on the experiment described
in [5]: ωX = 3, 592, ωθ = 135, 470, m = 7.75 × 10−8 kg,
I = 6.2667×10−17 kg-m2, KX = 1 N/m, Kθ = 1.15×10−6

N-m/rad. Small damping ratios of ζX = 0.002 and ζθ = 0.002
were used to improve the numerical stability of the simulation,
but do not affect the stability map. The initial condition for X
was modified for each dynamic simulation to be close to the
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Fig. 4. Trajectory of the a) angular displacement θ(τ), and b) translational
displacement profile X(τ), for the stable point (Γ, µ) = (1.6, 1.6)

steady state value X̄ . The initial condition for θ was fixed at
10−3 degrees for all runs.

Figure 3 compares the theoretically predicted stability re-
gion to the hybrid simulation results. The green region shown
in the figure is the stable region as predicted using Theorem
1. The points marked with ’O’s denote simulations with a
stable response, while the points marked with ’X’s denotes
simulations with an unstable responses. Only the set of points
corresponding to the boundary between the stable and the
unstable region are shown. Figure 4 shows typical stable
responses of θ and X near the stability boundary. The initial
dynamics of the θ trajectory in Figure 4(a) are due to the
initial conditions used. The visible oscillations in X dynamics
in Figure 4(b) are the slowly decaying transients of the initial
dynamics due to very small damping used. The steady state
oscillations in X are about 0.12µm peak to peak and are not
visible in the plot.

The analytical and numerical regions seen in Figure 3 are
very close, validating the use of Theorem 1 to design stabiliz-
ing input signals. Furthermore the results clearly suggest that
rotational side pull-in is significantly delayed by a properly
designed open-loop oscillatory excitation.

VI. CONCLUSIONS

We have showed that rotational side pull-in of an electro-
static comb drive model may be delayed using an oscillatory
voltage input. These results were derived based on Floquet
analysis of a linear, periodic time-varying simplification of
a nonlinear model of the device dynamics. The results were
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validated against hybrid FEA/lumped parameter simulations.
The theoretical predictions are well supported by the simu-
lations, suggesting that this technique is deserving of further
development and experimental validation.
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